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NORMAL FUNCTIONS AND SPREAD OF ZERO LOCUS 

MORIHIKO SAITO 

Abstract. If there is a topologically locally constant family of smooth algebraic varieties 

together with an admissible normal function on the total space, then the latter is constant 

on any fiber if this holds on some fiber. Combined with spreading out, it implies for instance 

that an irreducible component of the zero locus of an admissible normal function is defined 

f^ . over k if it has a k-rational point where k is an algebraically closed subfield of the complex 

CN I number field with finite transcendence degree. This generalizes a result of F. Charles that 

$H ' was shown in case the normal function is associated with an algebraic cycle defined over k. 

< 

Introduction 

Let k be an algebraically closed subfield of C with finite transcendence degree. Let X be a 

^ I smooth complex variety defined over k. Let H be an admissible variation of mixed Hodge 

-<^ ' structure of strictly negative weights on X (see [Ka], [SZ]). Let p be an admissible normal 

(-H ■ function of H, which is a holomorphic section of the family of Jacobians J(H) satisfying 

some good properties (see [GGK], [Sa3]). Let Z be an irreducible component of the zero 

locus of u. This is algebraic as a corollary of [BP], [KNU], [Sch2] (see [BPS]). 

Assume Z is not defined over k. Let K be the (minimal) field of definition of Z. This 
is the smallest subfield K G C containing k and such that Z is defined over K, see [Gro2], 
K^ ■ Cor. 4.8.11 (and also [We]). Let i? be a finitely generated fc-subalgebra of K whose field of 

^ . fractions is K. Set S := Spec i?®^ C. We may assume that 5* is sufficiently small (hence it is 

0> ! smooth, for instance) by replacing R without changing K if necessary. The dimension of S 

coincides with the relative transcendence degree of K over k, and is called the transcendence 
^ ■ degree of Z over k. There is a complex variety Y together with morphisms f : Y ^ S and 

^r^ . 71 : Y -^ X which are all defined over k and such that vr induces an isomorphism Yg^ ^ Z 

where sq is the fc-generic point of S corresponding to the inclusion R ^^ K ^^ C We have 
the following (where no condition is assumed on the relation between v and the field k): 

/\ . Theorem 1. If S is sufficiently small, then we have ti~^{Z) = Yg^, dimS" < codimx-Z', and 

j^ I n : Y ^ X is quasi-finite, and moreover there is an resolution of singularities Y' ^ Y such 

that the induced morphism f : Y' ^ S is smooth and topologically locally trivial over S , 

and the pull-back of the normal function v to Y' by vr' coincides with the pull-back of some 

normal function o//^'7r'*H by f, where fyir' are the compositions ofY'^Y with /, vr. 

Here /^7r'*H is an admissible variation of mixed Hodge structure (see [Sal]). Theorem 1 
means that there is a family of closed subvarieties {ysj^g^ of X such that Y^^ = ZjYgHZ = ^ 
{s 7^ So). Moreover the quasi- finiteness of vr implies that the restriction of the family over 
any curve C on S" has no fixed point (locally on C). Theorem 1 implies the following (which 
was shown by F. Charles using a completely different method [Ch] if u is associated with an 
algebraic cycle defined over k): 

Corollary 1. If Z contains a fc-rational point, then Z is defined over k. 

In the case Z is a point (which is important for the proof of the Hodge conjecture [Schl]) 
this says nothing. In fact, S* is a /c-Zariski-open subset of the smallest closed subvariety of 
X containing Z and defined over k, and vr is the natural inclusion in this case. 
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In the situation of Theorem 1, we say that Z has the maximal transcendence degree over 
k if dimS' = codimx-Z^- 

Theorem 2. In the notation of Theorem 1, assume Z has the maximal transcendence degree 
over k. Then Z is smooth, and does not intersect the other irreducible components of the 
zero locus of v. 

I would hke to thank F. Charles, B. Kahn, and M. Levine for useful discussions about the 
subject of this paper. In fact, the original form of an idea was inspired by the discussions 
with them. This work is partially supported by Kahenhi 24540039. 

In Section 1 we review some basics of admissible normal functions. In Section 2 we prove 
the main theorems after recalling the notion of spread out. 

1. Admissible normal functions 

In this section we review some basics of admissible normal functions. 

1.1. Admissible normal functions. Let X be a smooth complex algebraic variety. Let 
H be an admissible variation of mixed Hodge structure of strictly negative weights on X, 
see [Ka], [SZ]. (Here the underlying Z-local system is assumed torsion- free.) We have the 
family of Jacobians J(H) over X . Its fiber at a: G X is set-theoretically identified with 

Ext]y[Hs(Z,Ha;) = J(Ha;) (:= Yini:,c/{F H^,c + H^,z)), 

where H^ is the fiber of H at x, and MHS is the abelian category of graded-polarizable 
mixed Z- Hodge structures [De], see [Ca]. 

Let V be an admissible normal function of H (see [Sa3] and also [GGK]). It is identified 
with 

V e ExtvMHS{x)(Zx,H), 

where VMHS(X) is the abelian category of admissible variations of mixed Hodge structure 
on X (assumed always graded-polarizable). We have the following short exact sequence (see 
e.g. [Sa2], Thm. 3.6): 

(1.1.1) ^ Extl,Hs(Z,^°(^,H)) ^ Ext^MHS{x)(Zx,H) ^ HomMHs(Z, //^(X, H)) -> 0, 

where if*(X, H) G MHS by [Sal]. The image of u in the last group of (1.1.1) is called the 
cohomology class of u, and is denoted by c/(z/). 

If cllu) = 0, then u is the pull-back of an element of the first group of (1.1.1), and is called 
constant on X. 

1.2. Let / : y — 7> S* be a smooth morphism of smooth connected complex algebraic varieties. 
Set Yg := /^^(s) for s E S. Let H be an admissible variation of mixed Hodge structure of 
strictly negative weights on Y. Assume / is topologically locally trivial over S. Then /^,H 
is an admissible variation of mixed Hodge structure of strictly negative weights on S with 

/7*H C H, 

and "H^/^H is an admissible variation of mixed Hodge structure on S (by using the stability 
of mixed Hodge modules by cohomological direct images, see [Sal]). Moreover, there is an 
exact sequence 

(1.2.1) -)■ ExtvMHS(5)(Z5,/*H) -)■ ExtvMHS{y)(ZY,H) -)■ HomvMHS{s)(Z5,'H /*H). 

The image of an admissible normal function z/ of H to the last term is the cohomology class 
of z/, and is denoted by cllu). The exactness of (1.2.1) is proved by taking the restriction 
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to each fiber of / and reducing to (1.1.1). If cllu) vanishes, then z/ is an admissible normal 
function of /*/*H C H, and coincides with the pull-back of some admissible normal function 
of /,H. 

1.3. Proposition. Let v he an admissible normal function o/H. If the restriction of u to 
the fiberYgQ of f at some Sq E S is constant in the sense of {1.1), then the restriction of u to 
any fiber Yg is constant, and v is the pull-back of some admissible normal function o//*H. 

Proof. The assumption implies that the section of "H^/^H corresponding to c/(z/) vanishes 
at So, and hence c/(z/) = 0. So the assertion follows from the exact sequence (1.2.1). 

2. Proof of the main theorems 

In this section we prove the main theorems after recalling the notion of spread out. 

2.1. Spread out. Let X be a complex algebraic variety. Let k be an algebraically closed 
subfield of C with finite transcendence degree. We say that X is defined over k, if there is 
a fc-variety X^ endowed with an isomorphism 

X = Xk®k c, 

where 0^0 means the base change by SpecC — ?> Spec A;. We say that a point a; of X is 
k-generic if there is no proper closed subvariety V of an irreducible component of X such 
that X E V and V is defined over k (see also [We]). We say that f/ is a k-Zariski open subset 
if its complement is a closed subvariety defined over k. 

Let X be a complex algebraic variety defined over k, and Z he a closed complex algebraic 
subvariety of X. There is a complex smooth afiine variety S together with a closed subvariety 
Y of XxS which are all defined over k and such that Z is isomorphic to the fiber 

y;„:=rn(Xx{so}) 

of some /c-generic point Sq of S. Let n and / respectively denote the morphisms of Y induced 
by the first and second projections from XxS*. We say that F is a spread of Z over k. 

More precisely, Z C X is defined over some subfield -ft' of C which is finitely generated 
over k. Let i? be a finitely generated /c-subalgebra of K whose filed of fractions is K. Set 
Sk := Spec R, S := Spec R^k C. If R is sufficiently large, then there is a closed /c-subvariety 

Yk "-^ Xs^. := XkXkSk, 

such that its base change by rj : Spec C — )■ S'fc is identified with the natural inclusion Z ■— > X. 
Here rj is induced by the inclusions R "-^ K "^^ C, and induces a morphism i? 0^ C — )■ C 
defining sq G S. We may assume S smooth by shrinking Sk if necessary. Note that there is 
the smallest subfield K G C such that Z is defined over K, see [Gro2], Cor. 4.8.11. This is 
called the (minimal) field of definition of Z C X over k. 

The minimum of the dimension of S for all the spreads of Z is called the transcendence 
degree of Z over k. This coincides with the relative transcendence degree over k of the field 
of definition of Z C X over k. 

For the proof of Theorems 1 and 2, we recall some facts from algebraic or analytic geometry. 

2.2. Remarks, (i) Let g : X ^ Y he a morphism of complex analytic spaces. Assume 
a; G X is an isolated point of g^^g{x). Then there is an open neighborhood Ux of a; in X 
which is finite over an open neighborhood Uy oiy := g{x) in Y. Indeed, we may assume that 
y is a closed analytic subset of a polydisk A'", and X is a closed analytic subset of A"-xY 
defined by holomorphic functions hi, . . . ,hr, where g : X -^ Y is induced by the projection 
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A""*"™ — 7> A™ (by using the graph embedding), and the origins of the polydisks A"^™' and 
A" respectively correspond to x and y. Since x is isolated in g^^{y), we may assume that the 
restriction of hi to A"x {0} is not identically zero, and then hi{xi, 0, . . . , 0) is not identically 
zero. Let V be the closed subset of A""'"'" defined by hi. By the Weierstrass preparation 
theorem, the projection V — )■ A""*""^"^ is a finite morphism by shrinking the polydisks if 
necessary. Moreover, the image of an analytic space by a finite (or more generally, projective) 
morphism is a closed analytic subspace (by using the direct image of the structure sheaf). So 
the assertion follows by induction on n. li g : X -^ Y is algebraically defined, this assertion 
also follows from Remarks (ii) and (iii) below. 

(ii) For a quasi-projective morphism of algebraic varieties g : X -^ Y, the quasi-finite 
locus of (^ is a Zariski-open subset of X, see e.g. [Grol], Thm. 4.4.3. (Note that vr in 
Theorem 1 is an affine morphism.) Here the quasi- finite locus means the subset consisting 
oi X E X which is isolated in g~^g{x). This assertion may be shown by taking the closure 
of the complement of the diagonal in XxyX, and then the intersection with the diagonal. 
However, it is nontrivial to show that the last intersection coincides with the non-quasi-finite 
locus. Since the latter is clearly contained in the intersection of the closure and the diagonal, 
the assertion can be reduced to the following: if x is isolated in g~^g{x), then this holds for 
points in a sufficiently small open neighborhood of x. (The last assertion may be shown by 
using classical topology together with Remark (i) above.) 

(iii) Grothendieck's version of Zariski's main theorem says that a quasi-finite morphism of 
varieties is a composition of an open immersion with a finite morphism (see [Grol] , Thm. 4.4.3 
for the quasi-projective case). Note that, in the situation of Theorem 2, there may be some 
points which are contained in the complement of the open immersion, and are sent to Z by 
the finite morphism. (This is the reason for which we have to take open neighborhoods of 
Z and YsQ in classical topology during the proof of Theorem 2.) 

2.3. Proof of Theorem 1. Let Y, S be as in (2.1). Let X be a smooth compactification 
of X defined over k. Let Y be the closure of Y C XxS in XxS with vf, / the morphisms 
of Y induced by the first and second projections from XxS. These are also defined over k. 
Note that 7f"^(X) = Y since Y is closed in XxS*. 

Let yO : y — 7- y be a resolutions of singularities defined over k and inducing an isomorphism 
over the smooth part Y^"^ of Y. We may assume that the inverse image oi D := Y \ Y^"^ by 
p is a divisor with simple normal crossings on Y' such that any intersections of irreducible 
components of p~^{D) are smooth over S by assuming S sufficiently small. Here we may 
also assume that p^^(Y \ F) is a divisor by using a blow-up. Then the above assertion holds 
also for p~^{Y \ Y), since the latter is a divisor contained in p~^{Y \ Y). 

Set H' := 7r'*H, and u' := 7r'*z/. Then "H^/^H' is an admissible variation of mixed Hodge 
structure on S, and cllu') vanishes so that z/ comes from an admissible normal function u" 
of /^H', see Remark (1.3). Let S be the zero-locus of u" on S. The fiber K, of / over any 
s G S coincides with Z G X hj shrinking S if necessary. In fact, Yg G X is an irreducible 
closed subvariety of the zero-locus of u, and contains a non-empty open subset oi Z ii s G S 
is sufficiently close to sq, since /'~^(S) — )> E is a smooth morphism and its fibers are equi- 
dimensional. 

If S has a positive dimension, there is a general hyperplane section H defined over k 
and intersecting S (by using the fact that any non-empty Zariski-open subset of complex 
projective space has a A;-rational point). Then we may replace S with the smallest closed 
subvariety of H defined over k and containing a point of if fl S. But this contradicts the 
minimality of dimS*. So S is a point (by shrinking S if necessary). The restriction of 
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71 over Z is then injective since Z is contained in the zero locus of u. This imphes that 
dimF < dimX since Y is irreducible. So it remains to show the quasi-finiteness of n by 
assuming S sufficiently small. 

Let V be the complement in Y of the quasi-finite locus of vr : F — )■ X. This is a closed 
subvariety oi Y C XxS defined over k, see Remark (2.2) (ii). The fibers of the projection 
from any irreducible component of V to X have strictly positive dimensions, since V is the 
non-quasi-finite locus of vr : F — )■ X. Let V be the closure oi V C XxS in XxS*. We have 
the closed immersions 

\/->F->Xx5, V^Y^XxS. 

Let pr2 : XxS ^ S denote the second projection. Consider 

pr2(y) C S. 

This is a closed subvariety of S. li pr^iV) does not contain Sq, then the remaining assertion 
of Theorem 1 follows by shrinking S. So we now assume that pr2{V) contains sq, and will 
deduce a contradiction. 

Let Vx C S denote the fiber at x of the morphism V ^ X induced by the projection 
pri : XxS* — 7- X, and similarly for Vx C S {x E X). Note that Vx = V^; for a; G X since V 
is closed in XxS. By the above assumption on pr2{V), we have 

(2.3.1) So £ ^XQ for some Xq E X \X. 

Indeed, if Sq G Vxq with Xq G X, then we have Xq G Ygg, since V G Y G XxS. However, 
Vx = ^ ioT X G Z = F^Q, since it~^{Z) = Ys^y 

Take a closed irreducible curve C on VgYgXxS satisfying 

(2.3.2) c'q:={xo,So)gC' gV gYgXxS, 

where C is the closure of C in Xx^*. Let C and C respectively denote the images of C 
and C in X and X by the canonical morphisms. Then xq G C. Consider the base change 
of V by the canonical morphism C" — ?■ X: 

Vc ■.= C'xxV gC'xS, 

so that the canonical morphism Vc — ?■ C has a natural section 

(2.3.3) l:C'^Vc'GC'xS, 

which is induced by the identity on C" and the canonical morphism C ^ S (where the last 
morphism is induced by the inclusions in (2.3.2) and pr2 : XxS ^ S). 

Let V(A, be an irreducible component of Vc containing the image of t in (2.3.3). Let V'^, 
be the closure of V(A, in C'xS. Then 

{c'^,So)=T{c'^)GT{C')gVLgC'xS, 

where I : C" M- C'xS* is the natural extension of i. Let V^' denote the fiber of V^, — )■ C at 
d G C. Then 

(2.3.4) diml^' > 1 for any c'. 

Consider the pull-back p*xV of the normal function v by the canonical morphism 

px ■■ Vc, ^C ^ X. 

This is a holomorphic section of the pull-back p*xJ{H.), and is constant on each V^' C V^i. 
Consider also the pull-back p*gv" of the normal function v" by the canonical morphism 

PS -.V^,^ C'xS ^S. 
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This is a holomorphic section of the pull-back p^J(/*H'). Let ps '■ ^c' ~^ -S* be the restriction 
of fs to Vqi . Then we have 

(2.3.5) v\y = V>" with p^J(/,H')Cp;,J(H). 

Indeed, this holds on F, and hence on Vc' and then on V^j,. By (2.3.5) we see that ^f^v" is 
constant on each V^,' C V^'- '^'^ we get 

(2.3.6) v>" = Ps^", 
with p'g defined by the composition 

p's : V^, ^C'^S, 

where the last morphism is given by the composition C ^^ XxS — > S. (Indeed, these are 
both constant on each V^, C V(A,, and coincide on the image of the section i in (2.3.3) since 
Ps ° f' = p's ° '••) From (2.3.6) we deduce 

(2.3.7) p*^u"=p'*u", 

where p'g is defined by the composition V^, — ?■ C" — ?■ S* (with the last morphism given by 

C "-^ XxS — > S). This implies that Pgi'" vanishes on V'^, if c' = Cq. However, it is a 
contradiction since the restriction of ps to each V'^, C V'fj, is the natural inclusion V'^, ^-^ S, 
and dim V^, > 1 by (2.3.4). This finishes the proof of Theorem 1. 

2.4. Proof of Corollary 1. Assume Z is not defined over k. Then sq in Theorem 1 is 
the image of a A;-rational point. Indeed, the point of Y over a A;-rational point z oi Z is 
/c-rational since it is the intersection of Y with {z}xS in XxS. So this is a contradiction, 
and the assertion follows. 

2.5. Proof of Theorem 2. We have dimX = dimF by assumption. Let tt™^ be the 

restriction of n to the smooth part Y^"^ of Y. Set d = dim Z. Let W^ be a smooth subvariety 
of codimension d in X which is defined over k, and transversally intersects the smooth part 
^sm q{ z aX z ^ W n Z^'^. Then W is locally the intersection of the zero loci of some etale 
local coordinates Xi, . . . , x^ defined over k satisfying 

dx\ f\- • • f\ dxd 7^ at z, 

and the last condition holds after restricting them to Z*^™. Set 

yi := 71* Xi. 

Since tt*^™ induces the isomorphism Y^'^^ — ?> Z^™ and ti^-^^Z^'^) = Y^"\ we have 

dyiA---Adydy^ 0, 

on a /c-Zariski-open neighborhood of z' := tt~^{z) in Y^^, since it holds at z'. (Indeed, the 
latter holds after restricting the yi to Y^^). So yi, . . . ,yci define a smooth subvariety W 
of the /c-Zariski-open neighborhood intersecting Y^^ transversally at z'. Then the induced 
morphism W ^ S hj f is etale by shrinking W if necessary, since the restriction of / to 
ysm jg smooth with /~^(so) = ^so- 
il the branch locus of vr^™ contains K^,, fl y^'"^, then W — )■ W cannot be etale, and z' 
is contained in the brach locus of W — )■ W. (Indeed, this follows from a calculation of 
the Jacobian of tt^'"^ using the above etale coordinates.) However, the branch locus in W is 
defined over k, and the closure of its image in S* is a proper subvariety containing sq and 
defined over k. This is a contradiction. So tt*^™ is etale on a dense /c-Zariski-open subset W^ 
of Y^™ containing a dense Zariski-open subset of Y^^. 
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Assume there is a singular point z of Z . Then, in classical topology, there is an open 
neighborhood V^, of z' in Y which is finite over an open neighborhood V^ of z in X, see 
Remark (2.2) (i). The induced morphism vr^ : f/^, — )■ f/^ is locally biholomorphic at any points 
of f/^/ n f/*^™ by the above argument. (Here U'^, fl t/*^™ 7^ since U'^i \ f/*^™ is a proper closed 
analytic subset of t/^/.) Moreover tt^ induces an isomorphism over Z fl f/^ by Theorem 1. So 
the degree of vr^ must be 1. However, this is a contradiction since [/^, is singular and f/^ is 
smooth. Thus Z is smooth, and the first assertion is proved. 

It is then easy to see that Z cannot intersect the other components of the zero locus of v^ 
since 7r(y) contains an open neighborhood of Z (at least in classical topology). This finishes 
the proof of Theorem 2. 
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